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Abstract

We have developed a mathematical model based on the underlying mechanisms concerning the responses of the photosynthetic apparatus

of a microalga cell which grows under constant incident light intensity and ambient CO2 concentration. Photosynthesis involves light and

carbon-fixation reactions which are mutually dependent and affect each other, but existing models for photosynthesis don’t account for both

reactions at once. Our modeling approach allows us to derive distinct equations for the rates of oxygen production, NADPH production,

carbon dioxide fixation, carbohydrate production, and rejected energy, which are generally different. The production rates of the

photosynthesis products are hyperbolic functions of light and CO2 concentration. The model predicts that in the absence of photoinhibition,

CO2-inhibition, photorespiration, and chlororespiration, a cell acclimated to high light and/or CO2 concentration has higher photosynthetic

capacity and lower photosynthetic efficiency than does a cell acclimated to low conditions. This results in crossing between the two curves

which represent the oxygen production rates and carbon fixation rates in low and high conditions. Finally, in the absence of photoinhibition

and CO2-inhibition, the model predicts the carbohydrate production rate in terms of both light intensity and CO2 concentration.

D 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Photosynthesis is one of the few anti-entropic mecha-

nisms on Earth. It is a complicated photochemical process

occurring in photosynthetic organisms and leads to the

transformation of the photon to chemical energy. Nowadays,

phytoplankton photosynthesis occurring in photobioreactors

could be used not only for the production of organic carbon,

such as carbohydrates and/or proteins, but also for the

production of hydrogen and electricity [1–3]. In addition,

phytoplankton could be used for the absorption of polluting

carbon dioxide with the aim of controlling the greenhouse

phenomenon. For these implementations, we must have a

better understanding of the underlying mechanisms con-

cerning the function and regulation of photosynthesis, in
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order to evaluate and organize the experimental observa-

tions and, ultimately, to model these processes and

responses with the aim to predict the optimum combination

of the involved factors for the growth and the production

performance of phytoplankton photosynthetic organisms.

The process of photosynthesis can be distinguished into

light and carbon-fixation reactions because they are physi-

cally separated. The two reactions can been described most

easily as a sequence of events, but it should be kept in mind

that these are interdependent processes [4]. Photosynthesis

is obviously linked to the availability of light as well as to

the availability of carbon dioxide. Although several cell-

based models of photosynthesis have been proposed [5–13],

they consider only the light availability and do not quantify

the Calvin–Benson cycle (carbon-fixation reactions)

directly. These models either use classic enzyme kinetics

and assume slow enzyme-controlled reactions dependent

only on light to account for the carbon-fixation reactions

[5,8,11,13], or assume that photosynthetic rates are mainly
ta 1708 (2005) 250–261
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related to light intensity [9,11,12]. Other models recognize

the CO2 dependence but ignore it in the model [10] or

assume that carbon fixation is proportional to the light

intensity and the available carbon [14]. As the main novelty,

in the present contribution, we directly model both light and

carbon-fixation reactions and consider both light intensity

and carbon dioxide concentration for the following reasons.

First, dissolved inorganic carbon is a required compound for

the Calvin–Benson cycle so we can’t neglect it. Second, CO2

concentration dramatically affects the responses of photo-

synthetic apparatus [15–19]. Third, the model could be easily

modified and used for mixotrophic and/or heterotrophic

stages of the microalgae organisms [15] or in combination

with autotrophic stages and growth under diurnal light.

Fourth, it is easy to extend the model and combine it with

another model concerning the synthesis and degradation of

other compounds such as proteins. Fifth, we aim in deriving

distinct equations for oxygen, NADPH, and carbohydrates

(products of photosynthesis) because they play different

roles in the process of photosynthesis.

An important concept in the study of photosynthesis is

the photosynthetic unit (PSU). Previous models assume that

the photosynthetic unit is the minimal and simplest

composite structure of the photosynthetic apparatus [4,11],

which consists of the light harvesting complex (LHC), the

two photosystems (PS II and PS I), the cytb6 f complex, and

the ATPase. We slightly modify this assumption, focusing

on the size of the antenna of each functional PSU, which

determines the light absorption, and the number of the

electron transport chains of the cell, which reduce NADP+

to NADPH in order to transfer NADPH to the Calvin–

Benson cycle and determine the number of the functional

PSUs of the cell. We assume that each functional PSU

consists of the light harvesting complex, the photosystems

(one or more PS II, one or more PS I), the cytb6 f complex,

and the ATPase, and uses one electron transport chain [20].

We focus mainly on the number of functional electron

transport chains and not on the absolute number of

photosystems. The reason we had to modify slightly the

definition of the PSU is because the PS II to PS I ratio does

not always equal to one [4], but depends on endogenous

factors as well as on the environmental conditions under

which the cell grows [16,17,21–24]. Many studies have

demonstrated that light quality and intensity, temperature,

salt stress and their combinations affect photosynthetic

characteristics such as the PS I/PS II reaction center ratio,

electron transport capacities of two photosystems, cyclic

electron transport activity and fluorescence in cyanobacteria

and green microalgae [16]. Furthermore, according to [4]

bthere are possible exchanges of electromagnetic energy

between antenna serving different PSUs, as well as electron

flow between similar electron carriers of different electron

transport chains linking PS II and PS I reaction centers.

Moreover, it is the combined photochemical events of all

functional reaction centers that establishes the electro-

chemical gradients within the thylakoid membrane and are
crucial to the regulation of overall photosynthetic eventsQ.
The LHC contains a few hundred photosynthetic pigment

molecules, and the antenna size is determined by the quality,

the quantity, and the spatial distribution of these pigments

[25,26]. The whole photosynthetic process is energy

supported by ATP. For model simplicity, we quantify

indirectly the synthesis and the use of ATP. This consid-

eration and the estimation of the required ATP quantity are

based on experimental evidence which show that the

required ATP quantity depends on endogenous factors as

well as on environmental growth conditions [17].

In the present study, we focus on the responses of the

photosynthetic apparatus to photo- and CO2-acclimation.

Photoacclimation is a long-term adaptation of the photo-

synthetic apparatus to the available irradiance when

irradiance is constant for a prolonged time period [13].

Photoacclimation involves a change in the balance between

the synthesis and degradation of proteins and pigments and

takes more than 30 min, typically several hours or even

several days [27,28]. Photoacclimation is usually controlled

on the level of gene transcription or translation [27,28], so it

is also a species-specific dependent process [29]. A cell

which is acclimated to low light intensity has a large

antenna and a low photosynthetic capacity [21,27,28,30,31],

while a high light acclimated cell has a small antenna and a

high photosynthetic capacity [21,28,30–34]. CO2-acclima-

tion is a long-term adaptation of the photosynthetic

apparatus to the available carbon dioxide when its concen-

tration is kept constant for about 1 day [35], and concerns

the effect of CO2 concentration on the activity of carbonic

anhydrase, the ATP production, the active transport of CO2,

the manipulation of intracellular polyamines, and the total

biomass production [17–19,35]. For cells acclimated to low-

CO2 concentration, the activity of carbonic anhydrase

requires extra ATP and the function of the bCO2-concen-

tration mechanismQ enables cells to acquire a high affinity

for CO2 [17].

Our modeling approach is based on the Synthesizing

Unit (SU) and the Carrier Synthesizing Unit (CSU) concepts

[36,37] and not on classic enzyme kinetics. In its simplest

form, the SU is an enzyme or a complex of enzymes that

binds a substrate molecule to deliver a product or a set of

product molecules. A carrier is a synthesizing unit with a

specialized function: it receives substrate molecules from

outside the cell, and delivers them to a set of SUs inside the

cell. The main assumption of the SU concept is that each SU

can be either in the binding stage, for a time period tb,

binding arrival substrate molecules with a fixed probability,

or in the production stage, for a time period tp, where no

substrate molecules are accepted by the SU. At the end of

the cycle period, tc= tb+ tp, a product or a set of products

molecules are produced. The mean production rate, J̇ P, of

the SU is the inverse of the expected value of tc,

J̇J P ¼ 1=E tc; it is defined as the ratio of the cumulative

number of events occurring in a large period to the length of

that period.



Table 1

Table of frequently used symbols

Symbol Dim Interpretation

I, IK mol hv l�2 t�1 Incident light intensity,

half saturation constant

X, XK mol CO2 l
�3 CO2 concentration, half saturation

constant

J̇f, J̇L, J̇L,R # hv t�1 Incident, arrival, rejected rate

of photons

J̇L,b, J̇L,m mol t�1 Binding, production rate by the PSU

J̇O2
, J̇N mol t�1 Production rate of oxygen, NADPH

{J̇O2

m}, {J̇N
m}, mol l�2 t�1 Surface area-specific maximum

production rate of oxygen, NADPH

J̇CH, J̇CH,t mol t�1 Net, total production rate of

carbohydrates

{J̇CH,m} mol l�2 t�1 Surface area-specific carbohydrate

monomer mean production rate

{J̇C,m} mol l�2 t�1 Surface area-specific CO2 mean

production rate by the CO2-carrier

J̇C,a mol t�1 CO2 arrival rate to the CO2-carrier

J̇C,p mol t�1 CO2 production rate by the

CO2-carrier

J̇C,b, J̇C,m mol t�1 Binding, production rate by the

CO2-carrier

Ac l2 Cell surface area

NA # mol�1 Avogadro number

S mol PSU Functional PSUs per cell

{S} mol PSU l�2 Surface area-specific density of

PSUs ({S}uS /AC)

r – Photon’s cellular cross section

n – Number of required photons to

excite a PSU

ḟ l t�1 CO2’s cellular cross section rate

K – Number of carbohydrate monomers

qL – Photon’s binding probability

qC – CO2 binding probability

k1 mol/mol Cell’s relative ability to CO2

elaboration vs. photon’s elaboration

k2 mol/mol Cell’s relative ability to carbon

fixation vs. CO2 molecules

elaboration
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2. The mathematical model of photosynthesis

The general structure of the photosynthesis model is

shown in Fig. 1. The model includes the main pathways of

both the light and carbon-fixation reactions. For our

photosynthesis model, we consider three types of synthesiz-

ing units: the PSU (functional photosynthetic unit), the CO2-

carrier, and the CB-SU (Calvin–Benson synthesizing unit).

Later in this section, we present more explanations about

these SUs and their role in photosynthesis, but very briefly:

light uptake occurs via the PSUs which are the machines

that bind photons and produce oxygen, NADPH, and ATP

(products of the light reactions); the CO2-carrier quantifies

the transportation of the ambient CO2 molecules from the

environment through the membrane of the cell to the CB-

SU; and the CB-SU is the machinery which is associated

with the carbon-fixation reactions of the photosynthesis that

takes two supplementary compounds, CO2 and NADPH, to

produce carbohydrates. In the rest of this section, we

provide the basic model equations of photosynthesis while

their derivation is shown in the Appendix A. Table 1 lists

the model variables and parameters.

2.1. Light reactions

We assume that light absorption occurs only in the

functional photosynthetic units (PSUs). We assume that a

PSU is the minimal and simplest functional composite

structure of the photosynthetic apparatus which consists of

the light harvesting complex (LHC), the photosystems (one

or more PS II, one or more PS I), the cytb6 f complex, and

the ATPase, and uses one electron transport chain. A PSU

can be either at the binding stage and bind arriving photons

with a certain probability qL or at the production stage and

no photons are bind. The value of the photon’s binding
1

2

PSUs

3

O2

4 CB-SU 7

8

6

CO2-5
carrierCO2

light (CH2O)K

Fig. 1. Diagram of the photosynthesis model. Light and carbon dioxide are

converted during light and carbon-fixation reactions by the synthesizing

units (circles) into carbohydrates. Numbers indicate flux names: (1) rate of

photon arrival to the PSUs (J̇L), (2) rate of rejected photons (J̇L,R), (3) rate

of oxygen production (J̇O2
), (4) rate of NADPH production (J̇N), (5) rate of

CO2 absorption (J̇C,a), (6) rate of CO2 arrival to the CB-SU (J̇C,p), (7) rate

of carbohydrate net production (J̇CH), (8) rate of consumed carbohydrates

((1�e) J̇CH,t).

e – Efficiency of carbohydrate synthesis

Dots refer to rates (dimension: time�1) and braces {} refer to quantities

which are expressed per unit of surface area. In the dimension column, t

means time, # number, and l means length.
probability qL indicates the functional size of the antenna

because the rate of light utilization by a photosystem is

directly proportional to the light-harvesting antenna size

[25]. Photons fall on the cell at a rate J̇f=NA Ac I, where

NA is the Avogadro number, Ac the surface area of the cell,

and I the incident light intensity. A portion, 1�r, of these
photons is lost, while the remaining photons arrive at the

PSUs at a rate J̇L, given by

J̇J L ¼ rNAAcI ; ð1Þ

where r is a light quality- and species-dependent parameter.

The incident photons excite the photosynthetic pigments of

the LHC and arrive via them to the reaction centers were

activate the electron transport chain [4]. During this photo-

chemical reaction, each PSU produces NADPH, ATP and
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oxygen. We assume that each PSU works as an one substrate-

multi copy SU [36,37] which binds photons and produces

NADPH and oxygen according to the chemical equation

4 NADP þ 2H2O þ nhv ! 4 NADPH þ O2:

We assume that photons arrive at a PSU according to a

Poisson process and the PSU must bind n photons in order to

enter the production stage. A microalga cell contains a large

number, S, of PSUs, which work independently. From Eq.

(14) follows that the mean photosynthetic oxygen production

rate of a cell, J̇O2
, in the absence of photorespiration and

chlororespiration equals (see the Appendix A for details)

J̇O2
¼ J̇J m

O2

n o I

I þ IK
Ac; ð2Þ

where {J̇mO2
}= {S}J̇L,m is the maximum surface area-specific

photosynthetic oxygen production rate, IK=n {S} J̇L,m qL
�1

r�1 the half saturation constant, {S}=S /Ac the surface

area-specific density of PSUs, and J̇L,m the mean production

rate of a PSU.

According to the above chemical equation and Eq. (2),

the mean NADPH production rate of a cell, J̇N, in the

absence of photorespiration and chlororespiration equals

J̇J N ¼ J̇J m
N

� � I

I þ IK
Ac; ð3Þ

where {J̇ N
m}=4{S}J̇L,m is the maximum surface area

specific NADPH production rate.

The photon’s absorption occurs by the photosynthetic

pigments during their excitation from the resting to the

excited state. If all pigments are in the excited state, incident

photons are rejected as fluorescence [4]. When photons

arrive to a PSU, according to a Poisson process, the PSU

returns a Poisson process of rejected photons. A large

number of S PSUs will produce a Poisson stream of rejected

photons at a rate which equals to the rate of incident photons

onto the photosynthetic pigments of the cell, J̇L, minus the

rate of absorbed by the cell photons, J̇L,b [36,37]. Using

Eqs. (1) and (13) from the Appendix A, we obtain that the

rate of rejected by the cell photons, J̇L,R, the so-called

fluorescence, equals to

J̇J L;R ¼ r 1� qLð ÞNAAcI : ð4Þ

2.2. Carbon-fixation reactions

The photosynthetic carbohydrate production occurs

during a sequence of complicated enzyme catalyzed

reactions; that is, the Calvin–Benson cycle. These reactions

are the well-known carbon-fixation reactions of the photo-

synthesis because they take place independently of the light

presence using NADPH and ATP which are products of the

light reactions. For modeling purposes, we assume that a

microalga cell is one SU (we call it the Calvin–Benson

Synthesizing Unit, CB-SU) which absorbs, in a parallel

process, NADPH molecules from the S independent PSUs
of the cell and CO2 molecules from the one carbon dioxide

carrier (CO2-carrier) to produce carbohydrates. This process

is energy supported with ATP molecules [4]. The CO2-

carrier quantifies the transportation of the ambient CO2

molecules from the environment through the membrane of

the cell to the CB-SU. The CO2 transportation takes place

either by diffusion, if the ambient CO2 concentration is

high, or with the aim of enzymes (energetic transportation),

if the ambient CO2 concentration is low. For a given

ambient CO2 concentration X, the CO2 arrival rate to the

CO2-carrier, J̇C,a, is taken to be proportional to the ambient

CO2 concentration [37], and the surface area of the cell

J̇J C;a ¼ ḟfAcX ; ð5Þ

where ḟ is the cellular absorption cross section rate for

carbon dioxide molecules and depends on environmental

and endogenous factors. From Eq. (16) follows that the

CO2-carrier delivers CO2 molecules to the CB-SU at a rate

(see the Appendix A for details)

J̇J C;p ¼ J̇J C;m

� � X

X þ XK

Ac; ð6Þ

where {J̇C,m}, the surface area-specific CO2 mean produc-

tion rate by the CO2-carrier, is species-specific and shows

the cell’s ability to CO2 elaboration and XK={J̇C,m} qC
�1

ḟ�1 is the half saturation constant.

The CB-SU absorbs one CO2 molecule and four NADPH

molecules and produces one carbohydrate monomer mole-

cule, CH2O. Every carbohydrate monomer molecule is

fixated in the product of the previous CB-SU cycle

according to the chemical equation

ðCH2OÞðk � 1Þ þ CO2 þ 4 NADPHY ðCH2OÞk þ H2O

þ 4 NADP;

where k =1,2,. . .,K. The cycle is repeated K times sequen-

tially for the production of one carbohydrate molecule.

Substituting Eqs. (3) and (6) into (18) it follows that the

total carbohydrate production rate of the cell is (see the

Appendix A for details)

J̇J CH;t ¼
J̇J CH;m

� �
K

Ac �

�
1þ k2

�
4k1

I þ IK

I
þ X þ XK

X

� 1þ k1

X

X þ XK

I

I þ IK

0
BB@

1
CCA

�4
��1

; ð7Þ

where k1={J̇C,m} /{J̇
m
N} is the cell’s relative ability to CO2

molecules elaboration versus photon’s elaboration,

k2={J̇CH,m} /{J̇C,m} is the cell’s relative ability to carbon

molecules fixation versus CO2 molecules elaboration, and

{J̇CH,m} is the surface area-specific carbon fixation rate

which is constant because it shows the cell ability to carbon

fixation. We assume that the mean carbon-fixation time
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Fig. 2. PI curves according to Eq. (2). The solid curve represents high light

(HL) photoacclimated cells and the dotted curve low light (LL) photo-

acclimated cells. Parameter values: {J̇O2

m }=0.1 Amol O2 m
�2 s�1, IK=160

Amol hv m�2 s�1 for the HL-curve and {J̇O2

m }=0.06 Amol O2 m�2 s�1,

IK=24 Amol hv m�2 s�1 for the LL-curve. For both HL and LL

photoacclimated cells, we assume a mean surface area of the cell, Ac=10

Am2.

I.A. Papadakis et al. / Biochimica et Biophysica Acta 1708 (2005) 250–261254
interval, J̇CH,m
�1 , is the same for each cycle of the CB-SU

because of the same biochemical process.

2.3. Cost for carbohydrate synthesis

The light and, mainly, the carbon-fixation reactions of

photosynthesis are enzymatic and, by themselves, energy

supported with ATP. The synthesis of the required enzymes,

such as Rubisco, which are involved in these reactions is also

energy supported with ATP. This energy demand is the cost

for the carbohydrate synthesis and we model it indirectly

assuming that it is proportional to the amount of the car-

bohydrates produced. So, a portion (1�e) of the total amount

of carbohydrate, J̇CH,t, either has not been synthesized at all

or it has been consumed in order to produce the equivalent

amount of ATP necessary for the carbohydrate synthesis. For

a cell growing under constant conditions, the energy cost for

carbohydrate synthesis is constant and depends on the spe-

cies. Therefore, the net carbohydrate production rate equals

J̇J CH ¼ e
J̇J CH;m

� �
K

Ac �

�
1þ k2

�
4k1

I þ IK

I
þ X þ XK

X

� 1þ k1

X

X þ XK

I

I þ IK

0
BB@

1
CCA

�4
��1

: ð8Þ

3. Analysis and testing of the model

The oxygen production rate Eq. (2) and the NADPH

production rate Eq. (3) have similar properties, thus, we will

only discuss the first one. In the absence of photoinhibition,

chlororespiration, and photorespiration, the mean oxygen

production rate of the cell is a hyperbolic function of the

light intensity, i.e., the curve is almost linear for low light

intensities and leads to an asymptotic maximum for very

high light intensities (the shape of the curve is as in Fig. 2),

and it is also proportional to the surface area of the cell, Ac.

The asymptotic maximum oxygen production rate of a cell

with surface area Ac is

lim
IYl

J̇J O2
¼ J̇J m

O2

n o
Ac ¼ Sf gJ̇J L;mAc: ð9Þ

For very low light intensities (IY0) the slope of Eq. (2) is

lim
IY0

d J̇J O2

d I
¼

J̇Jm
O2

n o
IK

Ac ¼
r
n

qLAc: ð10Þ

3.1. Photoacclimation and CO2-acclimation

A cell growing for a long time interval under a constant

light intensity and a constant CO2 concentration acclimates
its photosynthetic mechanism to these conditions. These

phenomena are known as photoacclimation and CO2-

acclimation, respectively. When the cell grows in a constant

environment the photosynthetic surface area-specific max-

imum production rates, {J̇O2

m } and {J̇ N
m}, are constant too.

These quantities are independent of the cell size because

they are expressed on a per surface area base and for

constant growth conditions (e.g., constant light, temperature

and salinity) they depend only on the species. We express

these quantities on a per surface area base and not on a per

volume base because the light absorption is associated with

thylakoid-membrane surface. We assume that photoaccli-

mation affects primarily the photon’s binding probability qL

and the density {S} of the PSUs, whereas CO2-acclimation

affects primarily the CO2 binding probability qC and the

relative cost for carbohydrate synthesis (1�e).

A cell photoacclimated to low light has a large antenna,

that is a large LHC-size, while a cell photoacclimated to

high light has a small antenna, that is a small LHC-size

[21,27,28,30,31]. We assume that the photon’s binding

probability qL is proportional to the antenna’s size; thus, the

value of the parameter qL will be high for LL and low for

HL photoacclimated cells. Furthermore, there is evidence

[38] that the number of the electron transport chains tends to

be lower in LL photoacclimated plants than in HL photo-

acclimated plants; thus, we assume that the number of PSUs

and, therefore, the density {S} of the PSUs for LL

photoacclimated cells is less than those acclimated to HL.

It follows from Eqs. (9) and (10) that the density of the

PSUs, {S}, affects the asymptotic maximum of the photo-
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Fig. 3. PI curves according to Eq. (2) and parameter values from [31] (see

text for details). The solid curves represent high light (HL) photoacclimated

cells and the dotted curves low light (LL) photoacclimated cells. (A)

Parameter values for wild-types: Pmax=248 mmol O2 m
�2 (mol Chl)�1 s�1,

/ =0.18 for the HL-curve and Pmax=70 mmol O2 m�2 (mol Chl)�1 s�1,

/ =0.4 for the LL-curve. (B) Parameter values for mutants: Pmax=240

mmol O2 m
�2 (mol Chl)�1 s�1, / =0.22 for the HL-curve and Pmax=96.5

mmol O2 m
�2 (mol Chl)�1 s�1, / =0.42 for the LL-curve.
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synthetic oxygen production rate and the photon’s binding

probability, qL, affects its slope at zero irradiance. Thus, the

maximum production rate is low for LL and high for HL

photoacclimated cells of the same size, while the slope at

zero light intensity is steeper for LL than for HL photo-

acclimated cells with the same size. These properties of Eq.

(2) lead to a crossing of the PI curves, and are shown in Fig.

2. Furthermore, the value of the half saturation irradiance

constant, IK=n {S} J̇L,m qL
�1 r�1, is low for LL and high

for HL photoacclimated cells of the same size, since it is

proportional to {S} and inversely proportional to qL.

Jin et al. [31], in an experiment, conducted to examine

the involvement of zeaxanthin and Cbr protein in the repair

of Photosystem II from photoinhibition in the green alga

Dunaliella salina, measured the efficiency and productivity

of photosynthesis in a wild-type D. salina as well as in a

light-sensitive and chlorophyll-deficient mutant. They found

that LL-grown wild-types and mutants had similar photo-

synthetic efficiencies, 0.40 and 0.42, respectively measured

as the slope of the initial part of the photosynthesis–

irradiance curve. However, when these types are grown

under HL conditions, their photosynthetic efficiencies where

reduced to 0.18 and 0.22, respectively. The photosynthetic

capacity, i.e., the light-saturated rate of oxygen of the LL-

grown mutant was 96.5F1.2 mmol O2 (mol Chl)�1 s�1 and

70.0F5.2 mmol O2 (mol Chl)�1 s�1 for the LL-grown

wild-type. For the HL-grown cells, the photosynthetic

capacities were more than 180 mmol O2 (mol Chl)�1 s�1

since photosynthesis did not yet saturate even at 3000 Amol

photons m�2 s�1. Note that the cells were acclimated at light

intensities of 2000 Amol photons m�2 s�1 (HL) and 100

Amol photons m�2 s�1 (LL). In order to test the model

against these observations, we have to transform Eq. (2) in

terms of Chl. If k is the number of mol Chl per cell, then

Pu J̇mO2
/k and Pmaxu{J̇mO2

}AC /k are the oxygen produc-

tion rate and the photosynthetic capacity, respectively,

expressed in mmol O2 (mol Chl)�1 s�1 and /u Pmax / IK
is the photon use efficiency. Therefore, Eq. (2) changes to

P=PmaxI / (I+Pmax//). Fig. 3 shows the PI curves using the

parameter values from [31].

If one is interested in the curvature of the PI curves for

cells acclimated at different light conditions that appear to

have similar maximum photosynthetic rates, one has to

change the values of only two parameters, the photon’s

binding probability, qL, and the density of PSUs, {S}, in

order to fit the model (Eq. (2)) to these responses. Based on

the model assumptions, these cells have similar densities of

PSUs {S}, which increase as the growth irradiance increases

and different photon’s binding probabilities qL, which

decrease as the growth irradiance increases (Fig. 4A). These

parameters depend on the photoacclimation state of the cell

and are species specific. On the other hand, if one is

interested in PI curves with significantly different maximum

photosynthetic rates but similar slopes at zero irradiance,

one can change the values of the same two parameters in the

model. Cells that produce these type of PI curves have
similar densities of PSUs {S} and different photon’s binding

probabilities qL (Fig. 4B). These types of responses have

been experimentally observed [33,34] for cells of the

chlorophyte Dunaliella tertiolecta and the diatom Skeleto-

nema costatum (data are shown in Table 2).

The relationship between carbohydrate net production

rate and availability of light and carbon dioxide is given by

Eq. (8) and predicts the simultaneous dependence of

carbohydrate production rate on light intensity and carbon

dioxide concentration, in the absence of photoinhibition and

CO2-inhibition. To reduce the number of parameters, we

nondimensionalize Eq. (8) by introducing the scaled

variables J̇CH* = J̇CH / ({J̇CH,m}Ac /K), I*= I / IK, and X*=

X /XK. Eq. (8) then becomes

J̇J *CH ¼ e

�
1þ k2

�
4k1

I* þ 1

I*
þ X* þ 1

X*

� 1þ k1

X*

X*þ 1

I*

I* þ 1

0
BBB@

1
CCCA

�41
CCCA
3
7775
�1

: ð11Þ

The scaled carbohydrate production rate, in the absence

of photoinhibition and CO2-inhibition, increases hyperboli-



Table 2

Response of the photosynthetic capacity, Pmax, to the growth irradiance, Ig,

for Dunaliella tertiolecta and Skeletonema costatum cells

Ig (Amol hv m�2 s�1) Pmax (mol O2 10
�16

cell�1 min�1)

D. tertiolecta1 45 42

600 45

S. costatum1 30 21

200 21

600 24

D. tertiolecta2 2 31

8 38

20 46

60 65

120 71

200 74

400 78

S. costatum2 0.7 3.1

2.6 3.9

9 7.4

20 10.9

39 15.1

65 15.9

130 15.8

Data from [34]1 and [33]2.
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Fig. 4. PI curves for HL and LL photoacclimated cells with similar

maximum photosynthetic rates (A) and similar initial slopes (B). The solid

curves represent high light (HL) photoacclimated cells and the dotted

curves low light (LL) photoacclimated cells. The parameter values were

derived based on the data of [33] and [34] (see Table 2 and text for details).

Parameter values: (A) {J̇mO2
}=45 Amol O2 m�2 min�1, IK=75 Amol hv

m�2 s�1 for the HL-curve and {J̇mO2
}=42 Amol O2 m�2 min�1, IK=35

Amol hv m�2 s�1 for the LL-curve. (B) {J̇mO2
}=78 Amol O2 m�2 min�1,

IK=80 Amol hv m�2 s�1 for the HL-curve and {J̇mO2
}=46 Amol O2 m�2

min�1, IK=40 Amol hv m�2 s�1 for the LL-curve. For all cells, we assume

a mean surface area of the cell, Ac=1.0 d 10
�10 m2.
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cally as both light intensity and carbon dioxide concen-

tration increase (Fig. 5). It is almost linear for low light

intensity and low carbon dioxide concentration, whereas

saturates for high values of these variables.

For the production of carbohydrates, both NADPH and

carbon dioxide are required. The mean binding period Etb

of the two supplementary compounds, Eq. (17) in the

Appendix A, shows how these compounds limit the

synthesis of carbohydrates. For large values of the

NADPH flux, J̇N, the mean binding period is Etbc
1

J̇J C;p
,

i.e., the CO2 acts as limiting factor for the carbohydrate

synthesis. In this case, the carbohydrate net production rate

quantifies as J̇CH= (e /K) (J̇�1
CH,m+ J̇

�1
C,p)

�1, which after

substituting Eq. (6), and in the absence of CO2-inhibition,

becomes J̇J CH ¼ e J̇J CH;mf gAC

K 1þk2ð Þ
X

Xþ k2
1þk2

XK

. The carbohydrate pro-

duction rate is hyperbolic function of the CO2 concentration,

X, and proportional to the surface area of the cell, Ac. The

properties of the equation for low CO2-acclimated cells and

high CO2-acclimated cells are shown in Fig. 6A. The specific

cost for carbohydrate synthesis, (1�e), is high for low CO2-

acclimated cells because the active transport of carbon

dioxide requires extra ATP due to the activity of carbonic

anhydrase (CA) [17] and affects the asymptotic maximum
J̇C
m=(e J̇CH,mAc) / (1+k2) of the curve via the parameter e.

This maximum is lower for the low CO2-acclimated cells

than for high CO2-acclimated cells. On the other hand, the

active transport of CO2 assures higher CO2 binding

probability qC, and lower half saturation constant XK for

the low CO2-acclimated cells which leads to a crossing of the

curves [17]. For large values of the CO2 flux, J̇C,p, the mean

binding period is Etbc
4
J̇J N
, i.e., the NADPH acts as limiting

factor for the carbohydrates synthesis. In this case, the

carbohydrate net production rate quantifies as J̇CH=(e /K)

(J̇�1
CH,m+4 J̇�1

N )�1. After substituting Eq. (6) follows that, in

the absence of photoinhibition, the rate of carbohydrate net
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Fig. 6. The carbon fixation rate as (A) a function of carbon dioxide

concentration, when NADPH is abundant, for cells acclimated to high-CO2

(solid curve) and low-CO2 (dotted curve) concentration and (B) as a function

of light intensity, when CO2 is abundant, for cells photoacclimated to high

light (solid curve) and low light (dotted curve). Parameter values: (A)

{J̇CH,m}=0.1 Amol C m�2 s�1, k2=1, XK=1.0 mM, e =0.5 for the high-CO2

curve and XK=0.2 mM, e =0.4 for the low-CO2 curve. (B) e =0.5, k1=0.25,

k2=1, {J̇CH,m}=0.1 Amol C m�2 s�1, IK=160 Amol hv m�2 s�1, for the

HL-curve and {J̇CH,m}=0.06 Amol C m�2 s�1, IK=24 Amol hv m�2 s�1, for

the LL-curve. For all cells we assume Ac=1.0 d 10
�11 m2.

Table 3

Responses of the maximum carbon fixation rate, Pmax (fg C cell�1 h�1),

and the photosynthetic efficiency, a (fg C cell�1 h�1 (Amol hv m�2 s�1)�1),

to the growth irradiance, Ig (Amol hv m�2 s�1), in three Prochlorococcus

sp. strains, MED, SARG, and NATL1, isolated from the North Atlantic and

the Mediterranean Sea

Strain Ig a Pmax

MED 7.5 0.174 5.19

16 0.062 4.91

67 0.050 5.78

133 0.073 5.85

SARG 7.5 0.234 2.76

67 0.091 3.76

133 0.073 6.23

NATL1 67 0.082 3.02

133 0.059 4.17

Data from [29].
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production, in terms of light intensity is given by

J̇J CH ¼ e4k1k2 Sf gJ̇J L;mAC

K 1þ4k1k2ð Þ
I

Iþ 4k1k2
1þ4k1k2

IK
¼ efJ̇J CH;mgAc

K 1þ4k1k2ð Þ
I

Iþ 4k1k2
1þ4k1k2

IK
.

A cell photoacclimated to LL has a higher value of the

photon’s binding probability qL and a lower value of the

density {S} of the PSUs than a HL photoacclimated cell.

The photon’s binding probability, qL, affects the initial

slope of the carbon fixation rate curve a =eAcr qL /n, and

the cell density of the PSUs, {S}, affects its asymptotic

maximum Pmax = e4k1k2 {S } J̇ L,m A c ) / (1 + 4k1k2) =
(e J̇CH,mAc) / (1+4k1k2). Thus, the maximum carbon fix-

ation rate is low for LL and high for HL photoacclimated

cells of the same size, while the slope at zero light

intensity is steeper for LL than for HL photoacclimated

cells with the same size. These properties leads to a

crossing of the carbon fixation rate curves (Fig. 6B).

Partensky et al. [29] in an experiment conducted to

examine the photoacclimation of Prochlorococcus sp.

(Prochlorophyta) strains isolated from the North Atlantic

(SARG and NATL1) and the Mediterranean Sea (MED)

measured the efficiency, a, and the capacity of photosyn-

thesis, as maximum carbon fixation rate per cell, Pmax, for

the three strains growing under white light. They found

that the maximum carbon fixation rate increases, and the

initial slope of the curve decreases as the growth

irradiance increases (data are shown on Table 3).
4. Discussion

We have developed a mechanistic mathematical model of

photosynthesis that accounts directly for both the light and

carbon-fixation reactions. In addition, both light intensity

and carbon dioxide availability, two essential compounds

for the process of photosynthesis, are input variables in our

model. The model equations were derived from the

synthesizing unit concept as proposed by [36,37]. This

approach allows us to quantify the enzyme kinetics in terms

of fluxes rather than concentrations as happens in classic

enzyme kinetics study [5,39–49], which in turn, allows us to

treat light as any chemical compound in the photochemical

reactions [37]. Another advantage of this approach is that

the coupling between the light and carbon-fixation reactions

becomes easy. Furthermore, this model can be extended to

include other compounds, such as N and Pi, and environ-

mental parameters, such as salinity and temperature. This

approach allowed us to develop a model that predicts

separately the production rates of oxygen and NADPH,

which are products of the light reactions, the rate of rejected

light as fluorescence and the carbohydrate production rate,

which is the product of the carbon-fixation reactions.

A simple model which incorporates both light and CO2

in the dynamics of photosynthesis for higher plants [50],

predicts only their short-term adaptation, is based on classic

enzyme kinetics, and does not predict separately the

photosynthetic products, but assumes that bthe production

ratio of CO2 over o2 can be taken to be 1Q. However, such
an assumption contradicts the experimental evidence that

the ratio of the mol C fixated per mol quanta of absorbed

light varies depending on the species and the environmental

growth conditions [29].

Other existing models, which also do not distinguish

between the separate products of photosynthesis, assume

that any photosynthesis-related productivity is similar and

depends only on the incident light intensity [4–

9,11,13,51,52]. These models neglect the direct impact of

CO2 in the photosynthetic process in order to avoid the
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study of the Calvin–Benson cycle. Furthermore, the model

developed by [13] is a complicated mechanistic model with

some drawbacks, the worst of them being the violation of

the energy conservation law; the model developed by [4] is

a schematic empirical one, while other models are mainly

stochastic, overcoming essential physiological and bio-

chemical processes.

There are models which quantify the Calvin–Benson

cycle [39,43,46,47,49] but, although they are considerably

detailed in CO2 fixation, neglect the impact of the light in

photosynthetic reactions and its interaction and interdepend-

ence with the carbon-fixation reactions of photosynthesis.

These models use classic enzyme kinetics, in terms of

concentrations, neglected that the CO2 transportation by

diffusion and/or energetic transfer is a process which

involves the membranes of the cell. In other words, the

CO2 transportation is a surface area- and not a volume-

dependent process, so we must account not only for the

concentrations inside and outside the cell but also the CO2

transportation process through the membrane of the cell.

Moreover, light reactions are surface area-dependent pro-

cesses because they are localized within the thylakoid

membranes, so a mechanistic model for the photosynthesis

must consider the size of the cell. Only the present model, to

the best of our knowledge, is in accordance with this

consideration as each equation includes the surface area of

the cell.

Fluorescence is a particular phenomenon with a great

interest because it is coupled with the photosynthesis

regulation mechanism [4] and it has never been mechanis-

tically modeled. Observations show that fluorescence is

proportional to the incident light intensity [4,21,27,28,32].

This model predicts that fluorescence increases with the

light intensity (Eq. (4)) at which the microalga cell is

exposed.

The present model accounts for the photoacclimation in

the absence of photoinhibition, photorespiration, and

chlororespiration. The major feature of our model, concern-

ing photoacclimation, is the prediction that cells of the same

size photoacclimated to low light have lower maximum

production rate and half saturation irradiance constant than

those photoacclimated to high light, while the slope of the

PI curve and the carbon fixation rate curve at zero light

intensity is steeper for low light photoacclimated than for

high light photoacclimated cells. The crossing of the PI

curves for cells acclimated to low and high light (Figs. 2–4,

6B) has been also experimentally observed [21,29,31–

34,53,54]. It is a notable fact that [29] found, for two

Atlantic unicellular algal strains grown under White Light

(WL), that an increase in the photoacclimation irradiance

was accompanied by a large increase in the maximum

photosynthetic rate and a concomitant decrease in the initial

slope of the PI curve when expressed either per cell or per

Chl. This has also been observed in the prokaryote

Synechococcus WH 7803 [53], in the unicellular green alga

D. salina [31], and in the Scenedesmus obliquus [32].
Partensky et al. characterized this behavior quite atypical,

because it does not fit any of the reported models for

photosynthesis versus irradiance responses [29]. Unfortu-

nately, not only models developed before 1993 [5,7,8,14]

but more recently developed ones [9,11,13,52] do not fit to

these observations also. The lack of fit of these models can

be traced back to one assumption; they assume that the

maximum photosynthetic rate decreases as the growth

irradiance increases. Our model is the first, to the best of

our knowledge, which supports this behavior. However,

there are some experimentally determined curves expressed

on a per cell basis which cannot be produced by the model

in its present form, but note that the model does not yet

include the impact of photorespiration, etc.

The present model also accounts for the CO2-acclimation

in the absence of CO2-inhibition. Another feature of our

model, concerning CO2-acclimation, is the prediction that

cells acclimated to low CO2 concentration have lower

maximum carbon fixation rate and half saturation constant

than do those acclimated to high CO2 concentration, while

the slope of the carbon fixation rate versus CO2 concen-

tration curve is steeper for low CO2-acclimated cells. The

crossing of the carbon fixation rate versus CO2 concen-

tration curves for cells acclimated to low and high CO2

concentration (Fig. 6A) has also been experimentally

observed [17].

In the present study, we focus on the responses of the

photosynthetic apparatus on photoacclimation and CO2-

acclimation under constant light intensity and CO2 con-

centration. The model, in its present form, can be applied

to variable conditions provided that such experimental data

exist. Furthermore, the full potential of our modeling

approach would be revealed when the model will be

extended to include the effects of photo- and CO2-

adaptation, photo- and CO2-inhibition, photorespiration,

and chlororespiration. This work is currently under

investigation.
Appendix A

In this appendix, we give the derivation of the model

equations associated with the light and carbon-fixation

reactions.

A.1. Light reactions

We assume that photons arrive at the functional PSUs

according to a Poisson process at a rate J̇L. A PSU can be

in a binding or in a production stage and it requires n

photons to produce a product molecule. Let the binding

period of one photon be exponentially distributed random

variable with mean J̇�1
L,b. Then the binding period of the n

photons, which is the sum of n independent exponential

random variables with parameter J̇L,b, follows the Erlan-

gian distribution [55] and has a mean value of Etb ¼ nJ̇J �1
L;b.
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Let now the production period of one PSU be also an

exponentially distributed random variable with mean J̇�1
L,m.

A single PSU produces the product Y (molecules of

oxygen or NADPH for the light reactions) at a rate

J̇Y=(J̇
�1
L,m+n J̇�1

L,b)
�1, while a large set of S functional

PSUs will produce a Poisson stream of product molecules

at a rate (see pp. 44–45 in [37])

J̇J Y ¼ sJ̇J L;m

� 
�1 þ nJ̇J �1
L;b

� ��1

: ð12Þ

When the photons arrive at a rate J̇L, given by Eq.

(1), and the photon binding probability is qL, if the PSU is

not in the production stage, then the mean binding photon

rate is

J̇J L;b ¼ qLJ̇J L ¼ qLrNAAcI : ð13Þ

Substituting Eq. (13) (after converting it in mol hv per

time) into Eq. (12), we find that the production rate of Y

molecules is

J̇J Y ¼ SJ̇J L;m
I

I þ nSJ̇J L;m qLrAcð Þ�1
: ð14Þ

A.2. Carbon-fixation reactions

During the carbon-fixation reactions two types of

synthesizing units are involved: (1) the CB-SU, which uses

two supplementary substrates, CO2 and NADPH, to produce

one product, carbohydrates, and (2) the CO2-carrier, which

transports the CO2 from the environment to the CB-SU.

The CO2-carrier can be either at the binding stage, and

bind arrival CO2 molecules with a certain probability qC or

at the production stage, and no CO2 molecules are bind. We

assume that CO2 molecules arrive at the CO2-carrier

according to a Poisson process at a rate J̇C,a, given (Eq.

(5)). Then the CO2 binding rate of the CO2-carrier equals

J̇J C;b ¼ qCJ̇J C;a ¼ qCḟfAcX : ð15Þ

Let the binding and the production periods, tb and tp, be

exponentially distributed random variables, with means J̇�1
C,b

and J̇�1
C,m, respectively. The cycle period, tC, of the CO2-

carrier concatenates one binding period and the subsequent

production period, so the mean production rate of the CO2-

carrier, J̇C,p, is the inverse of the expected value of tC, i.e.,

J̇C,p= (J̇
�1
C,b+ J̇

�1
C,m)

�1, which after substituting J̇C,b from Eq.

(15) yields

J̇J C;p ¼ J̇J C;m
X

J̇J C;m qCḟfAc

� 
�1 þ X
: ð16Þ

The CO2-carrier delivers CO2 molecules and the PSUs

deliver NADPH molecules, the supplementary substrate, to

the CB-SU, in a parallel process. The CB-SU requires one

CO2 molecule and four NADPH molecules to produce one

carbohydrate monomer molecule. The CB-SU will not bind

molecules of a certain substrate, either because it already
bound the required molecules of that substrate, but it still

has to bind the other type of substrate, or because the CB-

SU is in the production stage. Suppose that the binding of

one substrate does not interfere with that of the other and let

tb1 be the time of binding of the one CO2 molecule and tb2
the time of binding of the fourth NADPH molecule. The

random variables tb1 and tb2 follow the Erlangian distribu-

tion, /(t;n,k)= [k(kt)n�1 / (n�1)!]exp{�kt}, with parame-

ters (1,J̇C,p) and (4,J̇N), respectively.

The binding process is constraint by the minimum

process rate, or else, by the maximum process time; that

is, the time when all required substrate molecules are bound

is tb=max{tb1,tb2}. The distribution function of tb equals

the product of the distribution functions of the independent

random variables tb1 and tb2. That is (see also pp. 45–48 in

[37] for the general approach),

Utb tð Þ¼ 1�exp � J̇J C;pt
� �� 


1�
X3
i¼0

J̇J Nt
� 
i

i!
exp � J̇J Nt
� � !

:

The expected value of the binding period is

Etb ¼
Rl
0

1� Utb tð Þð Þdt, which after some algebra yields

Etb ¼
4

J̇J N

þ 1

J̇J C;p

�
X3
i¼0

J̇J i
N

J̇J N þ J̇J C;p

� 
iþ1
: ð17Þ

The expected value of one cycle period of the CB-SU is

Etc ¼ J̇J �1
CH ;m þ Etb , where J̇�1

CH,m is the mean carbon-fixation

interval for one cycle of the CB-SU. After K sequential

cycles, the mean carbohydrate production rate of the CB-

SU, equals

J̇J CH;t ¼
1

K
J̇J �1
CH;m þ 4

J̇J N

þ 1

J̇J C;p

�
X3
i¼0

J̇J i
N

J̇J N þ J̇J C;p

� 
iþ1

 !�1

:

ð18Þ
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